
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright


Author's personal copy

Polynomial approximation method for tomographic reconstruction of
three-dimensional refractive index fields with limited data

Chao Tian, Yongying Yang n, Yongmo Zhuo, Tong Ling, Haoran Li

State Key Laboratory of Modern Optical Instrumentation, Zhejiang University, 38 Zheda Road, Hangzhou 310027, China

a r t i c l e i n f o

Article history:

Received 21 February 2011

Received in revised form

9 June 2011

Accepted 27 September 2011
Available online 3 November 2011

Keywords:

Interferometry

Tomography

Flow visualization

Refractive index fields reconstruction

a b s t r a c t

We propose a polynomial approximation method (PAM) for reconstruction of three-dimensional

refractive index fields by interferometric tomography using limited data. Based on the assumption

that the fields to be reconstructed are usually smooth and can be decomposed into a finite order of

(orthogonal) polynomials, a set of linear equations can be constructed using both the measured

projection data and the Radon transform of the basis functions. By solving these equations, the least-

squares solutions of expansion coefficients can be obtained and then substituted back to yield the

desired fields. Numerical results have demonstrated that the proposed method is fast, robust to noise

and can achieve satisfactory results for refractive index fields with limited projection views and large

opaque objects.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Interferometric tomography has been demonstrated to be a
powerful diagnostic technique for high-speed aerodynamic flows
due to its advantages of nonintrusive and instantaneous measure-
ment [1–7]. In this technique, interferometers [8,9] such as
Mach–Zehnder interferometer or holographic interferometer are
usually employed to record multidirectional interferograms that
are phase modulated by the changes in optical pathlength of the
rays passing through the flow fields. Extracting the phase infor-
mation from the recorded interferograms [10–13], the projection
data can be obtained and thus used for three-dimensional
refractive index fields reconstruction.

To reconstruct a three-dimensional refractive index field
f(x,y,z), it is convenient to consider the reconstruction of its
arbitrary two-dimensional slice f(x,y). In interferometry, the
optical pathlength g(s,y) of a ray inclined at angle y from the
y-axis and at a distance s from the origin (Fig. 1) can be written as

gðs,yÞ ¼
Z

l
f ðx,yÞdl ð1Þ

where f(x,y)¼n(x,y)�n0 is the difference between the field n(x,y)
to be measured and its reference n0 and the integral is evaluated
along the ray path l. In general, the rays that pass through the
refractive index field will be refracted and travel in curved lines.
However, for weakly refracting fields, the effect is minor and can

be neglected [2]. In this way, Eq. (1) may be directly considered as
the Radon transform (RT) [14] of the field f(x,y), which is the
mathematical foundation of Computed Tomography (CT).

Generally, tomographic reconstruction of the field f(x,y) can be
realized if the inverse Radon transform (IRT) of Eq. (1) is solvable.
Provided with enough projection views evenly spaced from 01 to
1801, the IRT can be obtained using standard algorithms [14].
However, in interferometric tomography, the number of views is
usually limited and the projection data of each view is probably
incomplete due to constraints of the enclosures and opaque
objects, which we call limited-data situations. For these cases,
reconstruction of the field f(x,y) from limited data that is math-
ematically ill-posed is required.

Tomographic reconstruction methods for limited-data situations
generally fall into two groups, namely, analytical reconstruction
methods and algebraic reconstruction methods [14]. The analytical
reconstruction methods that are based on the direct inversion
formula of the Radon transform are fast and computationally
efficient but require a large number of projections. For incomplete
projection cases, the missing data usually needs to be estimated first
using certain interpolation techniques before standard reconstruc-
tion [15]. The algebraic reconstruction methods, for example alge-
braic reconstruction technique (ART) [16] and its improved version
simultaneous iterative reconstruction technique (SIRT) [1], which
solve a set of equations using an iterative scheme require fewer
projection views and can deal with incomplete-data cases but lack
accuracy and speed of implementation.

In the past few decades, many techniques have been proposed
to deal with limited-data situations [17–21]. Choi et al. considered
the data-missing problem due to opaque obstructions in ultrasonic
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CT and proposed an iterative modification scheme for reconstruc-
tion [22]. Medoff et al. derived iterative convolution backprojec-
tion algorithms and used a priori information to reduce streak
artifacts of the results [15]. Cha et al. proposed a complementary
field method for ill-posed interferometric tomography problem,
which is based on the iterative reconstruction of the difference
between the real field and its estimate [23,24]. Later Verhoeven
discussed a variety of tomographic algorithms and concluded that
the multiplicative algebraic reconstruction techniques (MART)
gave the best results for limited-data reconstruction [25,26]. More
recently, Song et al. successfully reconstructed density field in a
hypersonic wind tunnel using a modified ART method [27] and
Mishra et al. evaluated various algebraic methods (i.e. ART, MART)
for incomplete-data reconstruction [28].

In this paper, we propose a polynomial approximation method
(PAM) for tomographic reconstruction of three-dimensional
refractive index fields from limited projection data. The proposed
method is simple, fast, robust to noise and can accurately
reconstruct refractive index fields with limited number of projec-
tion views and large opaque regions.

The organization of the paper is as follows: In Section 2 we
introduce the proposed method; in Section 3 we present some
discussions and numerical experiments that illustrate its perfor-
mance; and in Section 4 we draw some conclusions.

2. Polynomial approximation method

Suppose the original two-dimensional field f(x,y) is continuous
and smooth [23] and to find an approximation function f̂ ðx,yÞ of it,
we should try to minimize the residual function f ðx,yÞ�f̂ ðx,yÞ, that
is,

min
f̂ ðx,yÞ

:f ðx,yÞ�f̂ ðx,yÞ:2, ð2Þ

where :U:2 represents the Euclidean norm and min
f̂ ðx,yÞ

means to find

a solution f̂ ðx,yÞ that minimizes the norm. Conveniently, the

approximation function f̂ ðx,yÞ can be written as a linear combina-
tion of N degrees of freedom of independent polynomials up to an
order n, i.e.,

f ðx,yÞffi f̂ ðx,yÞ ¼
XN�1

j ¼ 0

cjðx,yÞcj, ð3Þ

where cj is the expansion coefficient of the basis function cj(x,y)
whose order is no greater than n.

In general, the problem in Eq. (2) can be solved by least-
squares methods using discrete data of the original field f(x,y).

However, what we measured in interferometric tomography is
the projection data of the field f(x,y) rather than its own. As a
result, some modifications are needed to solve the problem.

Doing Radon transform on both sides of Eq. (3), we get

gðs,yÞ ¼R½f ðx,yÞ�ffiR½f̂ ðx,yÞ� ¼R
XN�1

j ¼ 0

cjðx,yÞcj

2
4

3
5, ð4Þ

where R½U� is the Radon transform operator defined in Eq. (1).
Without considering the approximation error in Eq. (3) and using
the linearity property of the Radon transform [14], Eq. (4) can be
written in the following form:

XN�1

j ¼ 0

Cjðs,yÞcj ¼ gðs,yÞ, ð5Þ

where Cjðs,yÞ ¼ realine;½cjðx,yÞ�:
To determine the expansion coefficients in Eq. (5), discrete

approximations of the Radon transform of the basis functions are
needed. One simple and commonly used approach is to first
discretize the field f(x,y) into square grids with width d and then
use a ray-tracing strategy in the refractiveless limit to calculate
projection matrices o whose elements are the contributions of
the grids to the ray integrals [2,14], as shown in Fig. 2. Accord-
ingly, the discrete version of Eq. (5) can be written as:

XN�1

j ¼ 0

XK

k ¼ 1

xmkwjkcj ¼ gm, m¼ 1,2,. . .,M, ð6Þ

where M is the total number of rays for all views, K is the number of
grids, omk is the length of the mth ray in the kth grid and cjk is the
value of the basis function cj in the kth grid. It should be noted that
the missing rays on the detector are not considered in Eq. (6).

Defining C¼oc, Eq. (6) can be rewritten in the familiar
matrix form:

Wc¼ g, ð7Þ

where

c¼ c0 c1 � � � cN�1
� �T

ARN�1

g¼ g1 g2 � � � gM

h iT
ARM�1

W¼

W1,0 W1,1 � � � W1,N�1

W2,0 W2,1 � � � W2,N�1

^ ^ � � � ^

WM,0 WM,1 � � � WM,N�1

2
66664

3
77775ARM�N

and its element Wmj ¼xmwj ¼
PK

k ¼ 1

xmkwjk.
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Fig. 1. Projection of a field with an opaque object inside.
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Fig. 2. Ray-tracing scheme for discrete approximations of the Radon transform.

See the text for details.

C. Tian et al. / Optics and Lasers in Engineering 50 (2012) 496–501 497

infiniter
铅笔



Author's personal copy

In practice, Eq. (7) is overdetermined (i.e., more equations M

than the unknowns N) and ill-posed (due to the limited-data
nature of interferometric tomography) and has no exact solutions.
However, this does not mean that it can not be evaluated for a
meaningful solution. Similar to Eq. (2), we may find some suitable
solutions c that give the best fit to the unknown filed f(x,y) by
minimize the following least-squares residual; that is

min
c

:Wc�g:2: ð8Þ

Ordinarily, the normal equations method can be directly applied
to determine the expansion coefficients c [29]. However, it is not
preferred because of its instability for ill-posed problems. Therefore,
we use the truncated singular value decomposition (TSVD) method as
an alternative [26]. Mathematically, the SVD of the coefficient matrix
W can be represented as

W¼URVT , ð9Þ

where UARM�M as well as VARN�N are both orthogonal matrices
and RARM�N is a diagonal matrix whose diagonal elements s are the
singular values. According to Eqs. (7) and (9), the expansion coeffi-
cients can be computed directly from the SVD

c¼VRþUT g, ð10Þ

where Rþ ARN�M is the pseudoinverse of the matrix R and its
diagonal elements sþ are defined as

si
þ ¼

1=si, when si4tsmax

0, else
,

(
ð11Þ

where i¼ 1,2,. . .,minðM,NÞ, smax is the maximum singular values of
the coefficient matrix W and t is a truncation parameter that
controls error.

Once the coefficients are calculated using Eq. (10), they may be
immediately substituted into Eq. (3) to yield an estimate of the
true field f(x,y). In this way, we call it the polynomial approxima-
tion method (PAM) for tomographic reconstruction with limited
data. Applying the PAM to other slices along the z-axis, the three-
dimensional refractive fields f(x,y,z) can be finally reconstructed.

It should be noted that the two-dimensional approximation
function f̂ ðx,yÞ (Eq. (3)) can be a combination of any kind of
polynomial in theory. However, it is not so in practice. For instance,
if higher-order power series are employed as the basis functions, the
coefficient matrix W will be so ill-conditioned that no valid solutions
can be expected. In fact, this is an extremely unstable process because
the coefficient matrix W is related to the famous Hilbert matrix,
which is a classical example of ill-conditioned matrix [30].

To overcome this difficulty, orthogonal polynomials such as
Zernike polynomials, Chebyshev polynomials and Legendre poly-
nomials that can cure the ill-conditioning of the coefficient matrix
W are recommended in the PAM. As a matter of fact, the Zernike
polynomials [31,32] that are orthogonal on a unit disk were used
as the basis functions in all the examples presented below. When
written in polar coordinates as products of angular functions and
radial polynomials, they can be formulated as

Zeven j ¼ ½2ðnþ1Þ�1=2Rm
n ðrÞcosmy

Zodd j ¼ ½2ðnþ1Þ�1=2Rm
n ðrÞsinmy

9=
; ma0

Zj ¼ ½ðnþ1Þ�1=2Rm
n ðrÞ m¼ 0

9>>>>=
>>>>;

ð12Þ

where j¼ 1,2,. . .,N is a mode ordering number and

Rm
n ðrÞ ¼

Xðn�mÞ=2

s ¼ 0

ð�1Þsðn�sÞ!

s!½ðnþmÞ=2�s�!½ðn�mÞ=2�s�!
rn�2s ð13Þ

where the indices n and m are radial degree and the azimuthal
frequency, respectively, and satisfy mrn, n�9m9¼even. The
degrees of freedom N¼(nþ1)(nþ2)/2.

3. Discussion and numerical results

From the above process, one may find that the proposed PAM
is similar to the well-known ART and its improvement SIRT.
However, they differ in two aspects at least. First the PAM
employs global functions [i.e., cj(x,y)] as the basis of approxima-
tion while the ART uses a local basis (i.e., pixel basis) [16,33]. For
this reason, the reconstructed images by use of the PAM usually
look smoother than those by the ART (see the examples below).
Second since the PAM has much fewer degrees of freedom (i.e.,
unknowns) to be determined than the ART, therefore the size of
the coefficient matrix W of the PAM is much smaller, which makes
it possible to use noniterative techniques to achieve faster
computation. To illustrate this difference, suppose a field f(x,y)
is discretized into 256�256 grids. If 256 projection rays in each
of 10 projection views passing through the field are acquired
(note that M¼2560) and 15 orders of orthogonal polynomials are
used as the basis functions, the degrees of freedom N¼136 (see
Section 2) and the size of the coefficient matrix W is 2560�136.
In contrast, under the same conditions, the number of unknowns
to be estimated in the ART equals the grids number (N¼65,536)
and hence the size of the matrix W is 2560�65,536, which is 480
times bigger than that in the PAM. Note also that the equations in
the PAM are usually overdetermined (25604136) whereas those
in the ART are underdetermined (2560o65536) and this contrast
becomes more obvious for limited-data situations in interfero-
metric tomography.

To verify the performance of the proposed PAM, we used a
synthetic function f(x,y) with 256�256 pixels to simulate a
relative refractive index field (Fig. 3(a)) and compared the
reconstruction results of the PAM with those of the classical
simultaneous iterative reconstruction technique (SIRT) [1].
Specifically, the function f(x,y) has the following form:

f ðx,yÞ ¼ 0:03� f3ð1�xÞ2exp½�x2�ðyþ1Þ2�

�10ðx=5�x3�y5Þexpð�x2�y2Þ

�1=3exp½�ðxþ1Þ2�y2�g �mask ð14Þ

where �3rx,yr3 and mask is a circular aperture that equals 1 if
inside the pupil and 0 otherwise. Since f(x,y) is a dimensionless
quantity (i.e., relative refractive index), the unit in some of the
figures below is not given. Note also that a truncation parameter
t¼0.04 was used throughout the following experiments.

Fig. 3 shows that the synthetic field f(x,y) was successfully
reconstructed by use of the PAM from noiseless projections data.
The projection matrix g as well as the coefficient matrix W
(Eq. (7)) was generated from 10 equally spaced views covering
the entire angle of 1801 with 256 rays each. Here 15 orders of
Zernike polynomials were employed to approximate the
unknown field and the estimated 231 expansion coefficients are
illustrated in Fig. 3(b). As we can see, the values of these
coefficients become smaller with the increase of the mode
number j, which means that high-frequency basis functions make
little contribution to the estimated field and thus can be discarded
within tolerance. Fig. 3(c) and (d) shows the reconstructed field
using the estimated coefficients and the profiles of the true field
and its estimate in row 100, respectively. Note how close they are
except small edge distortions.

It should be noted that the reconstruction results of the PAM
depend on the value of the expansion order n due to the fact that
low-order expansions of complex fields and higher-order expan-
sions of simple fields are both inappropriate. Some empirical
studies were performed to verify how its values influence the
final reconstruction results. For the same field in Fig. 3(a),
different orders (ranging from 8 to 20) of Zernike polynomials
were used to perform the approximations under the same
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conditions as the previous example (Fig. 3) and Fig. 4 shows the
change of the root mean squares (RMS) reconstruction errors
versus the expansion order n, which are calculated as

errorrms ¼
1

V

X
V

ðf�f̂ Þ2 ð15Þ

where V is the number of valid data. We can see that the RMS
reconstruction errors decline rapidly with the increase of the
value of the order n. Until here, one may think that more accurate
approximations of the desired field can be obtained provided the
expansion order n is high enough. However, as the ill-condition-
ing of the matrix W grows worse rapidly with the increase of the
value of the order n (Fig. 4), the expansion coefficient c will be
highly susceptible to noise. In other words, a moderate order n

that makes a compromise between the reconstruction accuracy
and robustness will be appreciated.

Fig. 5 shows the noise suppression ability of the proposed
method. The same 10 projection data was generated as before

(Fig. 3) but corrupted with uniformly distributed noise with ampli-
tude of 75% of the maximum projection value, which results in a
signal-to-noise ration of about 18 dB. The noisy and true projections
of the view y¼361 are shown in Fig. 5(a). Ten orders of Zernike
polynomials were utilized to approximate the unknown field and the
estimated 66 coefficients as well as the reconstructed field are
shown in Fig. 5(b) and (c), respectively. Fig. 5(d) is the difference
between the reconstructed(Fig. 5(c)) and the original field (Fig. 3(a)).
Note the similarity of the first 66 coefficients between Figs. 5(b) and
3(b). From this experiment, we can see that the PAM can give
satisfactory results with limited projection views and noisy data.

Finally, to investigate the performance of the PAM for the cases
with missing projection data, we also simulated an incomplete
field by use of the same field f(x,y) in Fig. 3(a) except a circular
opaque object with radius r ¼ 0:4rmax in the center, where rmax is
the maximum radius of the valid data. With the same degrees of
freedom of Zernike polynomials, projection views and amount of
noise as in the previous example (Fig. 5), the finally reconstructed
field and its deviation from the true field are shown in
Fig. 6(a) and (b), respectively, from which we can see that the
proposed PAM is also effective for incomplete-data cases.

For comparison, we reconstructed the same incomplete field
under identical conditions (Fig. 5(a)) with the PAM using the SIRT
in Ref. [1] and showed the reconstructed field as well as the error in
Fig. 6(c) and (d), separately. The total number of iterations and
relaxation factor used for the SIRT were 5000 and 0.3, respectively.
From Fig. 6(c) and (d), we may find that the SIRT suffered from noise,
yielded less smooth images and could only give a coarse shape of the
original field. Note that the rays passing through the opaque region
were neglected for both the SIRT and PAM and the total time used by
them was 205.9 and 42.4 s, respectively, based on a computer with
Core 2 Duo CPU of 2.1 GHz main frequency using Matlab.

4. Conclusion

We present a polynomial approximation method (PAM) for
tomographic reconstruction of refractive index fields using limited

Fig. 3. Reconstruction of the field f(x,y) using noiseless projection data by the PAM: (a) synthetic field f(x,y), (b) estimated expansion coefficients c, (c) reconstructed field

f̂ ðx,yÞ using the coefficients in (b), (d) profiles of (a) and (c) in row 100. Note that figures (a) and (c) are plotted in the same scale.

Fig. 4. RMS reconstruction errors and condition numbers of the coefficient matrix

W versus the expansion order n.
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interferometric projection data. In this method, we use a finite order
of orthogonal polynomials to approximate the original fields, con-
struct a set of simultaneous equations using Radon transform, then
estimate the least-squares expansion coefficients from the over-
determined system and finally reconstruct the field. This is reasonable
and can achieve satisfactory results as long as the smoothness
assumption of the original field holds. The reason that why orthogo-
nal polynomials (instead of non-orthogonal ones) are chosen as the
basis functions is due to the fact that they generally have less
redundancy and can improve the behavior of the coefficient matrix
W. Moreover, the TSVD method that can give stable numerical results
is utilized to help to deal with the ill-conditioning of the problem.

Since the proposed PAM uses global polynomials [i.e., cj(x,y)]
as the basis functions, it generally has much fewer unknowns and
can be directly implemented using noniterative methods com-
pared with the classical ART. Meanwhile, this also makes it robust
to noise, insensitive to data-missing cases and yield smoother
images, as shown in Figs. 5 and 6. For refractive index fields with
simpler shapes, which are the typical situations in experiments,
the proposed method is promised to give more accurate results.
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